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We consider the possibility of observing the onset of the late time inflation of our patch 
of the Universe. The Hubble size criterion and the event horizon criterion are applied to 
several dark energy models to discuss the problem of future inflation of the Universe. We 
flnd that the acceleration has not lasted long enough to conflrm the onset of inflation 
by present observations for the dark energy model with constant equation of state, the 
holographic dark energy model and the generalized Chaplygin gas (GCG) model. For 
the flat ACDM model with QrnO = 0-3, we find that if we use the Hubble size criterion, 
we need to wait until the a„ which is the scale factor at the time when the onset of 
inflation is observed reaches 3.59 times of the scale factor ay when the Universe started 
acceleration, and we need to wait until a„ = 2. Say to see the onset of inflation if we use 
the event horizon criterion. For the flat holographic dark energy model with d = 1, we 
find that a^ = 3.46aT with the Hubble horizon and a„ = 2.34aT with the event horizon, 
respectively. For the flat GCG model with the best supernova fltting parameter a = 1.2, 
we find that a^ = S.SOay with the Hubble horizon and a„ = 2.08aT with the event 
horizon, respectively. 
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1. Introduction 

There are increasing evidences that the Universe is expanding with acceleration 
and the transition from decelerated expansion to accelerating expansion happened 
in the recent past. The transition redshift zt > 0.2, we use the subscript T to de- 
note the transition throughout this paper. These results suggest that there exists 
dark energy (DE) with negative pressure in the Universe, and the DE was subdom- 
inant in the past and dominates the Universe now. The presence of DE has a lot of 
interesting physical effects. For example, there exists an event horizon if the accel- 
eration is eternal. The event horizon sets a causal limit that the observers can ever 
access. The existence of eternal acceleration also prevents us from ever measu ring 
inflationary perturbations which originated before the ones currently observable 
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The DE physics is stiU a challenging topic. The current supernova la (SN la) data 
is unable to distinguish different DE models and different DE parameterizations 
| 3 | 4 | 5 | 6 | 7 | 8 | 9 | 10 | ll | l2 | 13 | 14 | 15 | 16 | 17 | l5 1 gtarkman, Trodden and Vachaspati (STV) 

addressed the problem of inflation in our patch of the Universe with the help of 
the concept of the minimal anti-trapped surface (MAS) They argued that if we 
can confirm the acceleration up to a redshift and observe the contraction of our 
MAS, then we are certain that our universe is inflating. If we see the contraction of 
our MAS, then we observe the onset of inflation. The immediate conclusion is that 
our universe is undergoing inflation because the cosmic acceleration is conflrmed up 
to the redshift 1.755 by the SN 1997ff. STV found that the period of acceleration 
has not lasted long enough for observations to confirm the onset of inflation for the 
ACDM model. 

The work of STV is based on the earlier work of Vachaspati and Trodden, who 
proved that in a homogeneous and isotropic universe, the necessary and sufficient 
condition for observing the contraction of the MAS is that the Univ erse is vacuum 
dominated in a region of radius greater than the Hubble size The comovmg 

contraction of our MAS is the essence of inflation. Thus only if a region of size 
greater than remains vacuum dominated long enough for the MAS to begin 
collapsing then we are certain that the Universe is undergoing inflation . Because 
the Hubble size is increasing with time in general, so the later the transition time 
(the smaller the redshift zt) is, the longer inflation needs to last (the larger o^/ot 
is, where is the scale factor at the time when the onset of acceleration is first 
seen.). Avelino, de Carvalho and Martins then replaced the Hubble size by the event 
horizon with some additional assumptions If the event horizon criterion is used, 
then the smaller zt is, the smaller ay/ax we need. Huterer, Starkman and Trodden 
also analyzed general DE models and found that current observations are unable to 
confirm the onset of infiationl^. In this paper, we discuss the holog raphic DE rn odel 
WMMMMlMg^rid the generalized Chaplygin gas (GCG) model I^HEQETEI^ 

2. The Hubble Size Criterion 

Vachaspati and Trodden proved that infiationary models based on the classical 
Einstein equations, the weak energy conditions, and trivial topology, must assume 
homogeneity on super-Hubble scales. Based on this result, STV introduced the 
concept of the MAS to discuss the observability of the onset of inflation. The MAS 
is a sphere, centered on the observer, on which the velocity of comoving objects is 
the speed of light c For light emitted directly toward the observer inside the 
MAS, the photons get closer to the observer with time, while all photons emitted 
by sources outside the MAS get farther away. For a homogeneous and isotropic 
universe, the physical radius of the MAS at time t is the Hubble size 1/H{t). It was 
argued that the beginning of the comoving contraction of the MAS can be identified 
with the onset of infiation. Note that the condition of the onset of inflation is a = 
which is equivalent to d{aH)~^ /dt, where a{t) is the scale factor. 



I 



I 
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If a light was emitted at time from a source located at a comoving distance 
r and then is received at time by the observer located at the origin, the physical 
distance between the source and the observer at te is 

dt 

d(ie,t.) = a(ie) / -j-r. (1) 

In this paper, we consider a flat universe. We can see the contraction of the MAS 
at time if d{te,ty) = l/H(te) here ty (ay) is the time (scale factor) when 
the turnaround of the MAS comes into view. Therefore, the onset of the late time 
inflation can be seen at time ty if d{tT,ty) = l/Hitx), where tx is the transition 
time when the Universe experienced from the deceleration phase to the acceleration 
phase. To see the consequences of d{te,ty) — 1/H{te) clearly, we use a simple DE 
model p = wp with constant w satisfying > — 1 as an example. 

The matter energy density is pm = Pmricir/a)^ , where the subscript r means 
that the variable takes a value at an arbitrary reference time U- The DE density is 
Px = PxriO'r/a)^^^'^^^ ■ So wc have 



a 

r2 



(2) 



where 51 = 8TrGp/{3H ). The transition time tr is determined from 

a„T + {I + 3w)n,T ^ 0, (3) 



or 



where ilmo = 1 ^ ^xo and the subscript means that the variable takes its present 
value. For the ACDM model, w = —1 and Qmo = 0.3, we get zt — 0.67. Using Eq. 
([3]), the condition d{tT,ty) = l/Hitx) becomes 

dx 1 



(5] 

ar/a^ ^/ X^ {x^^ - I - 3w) 

To be able to observe the onset of inflation at present, we require ay < qq. For the 
ACDM model, the solution to the above equation ^ is ay/ar — 3.59 > 1 + zt = 
1.67, so tty > ao and f^Ai) — 0.96. In addition, we require the confirmation of 
cosmic acceleration up to a redshift Zc, where Zc determined from the condition 
d{tc,to) ~ \/H{tc) satisfies the following equation 

dz 1 + Zr 



(6) 



Note that Zc is the minimum redshift that the cosmic acceleration needs to be 
observed by current observations. For the ACDM model with flmo = 0.3, we get 
Zc — 1.61. Since the current SN la observations extend to redshift 1.755, so the 
cosmic acceleration is confirmed. But we still need to wait until Cl\ reaches a value 
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Fig. 1. The dependence of ay/ao and aj'/a^ on w and r2j,o for the DE model with constant 
equation of state parameter w. The hne labeled "Hubble Horizon" shows the dependence of aT/a,y 
on w by using the Hubble scale criterion. The line labeled "Event Horizon" shows the dependence 
of ot/iu on ui by using the event horizon criterion. 



of 0.96 to observe the onset of inflation. The solutions to Eqs. (jl]) and ^ for other 
choices of VI and w are shown in Fig[TJ From Fig. [U we see that we need to wait 
until ~ 0.9 for w > —0.67 to be able to observe the onset of inflation. For bigger 
w, we need smaller Vl^- However, current observations strongly constrain w < —0.8. 
In other words, we are unable to conflrm the onset of inflation now with current 
observations. 

In Ref. [33l Lightman and Press introduced the concept of constant redshift 
surfaces to discuss the causal communication of comoving particles. In the deflnition 
of the constant redshift surfaces, the lower integral changes with the upper integral 
ty in equation ([T]) by flxing a{ty) / a{te) = z\ to be a constant. The constant redshift 
surface or zi-surface increases with time before inflation. After inflation, the z\- 
surface will eventually decrease with time. For small redshift z\ < zt, the z\- 
surface is decreasing. For large redshift, the zi-surface is increasing. So there exists 
a turnaround redshift z\ so that the zi-surface reaches its maximum at present. 
For the ACDM model, we find that the turnaround redshift z\ = 2.09 if we take 
^mo = 0.3. Although the decrease of the zi-surface for small zi is a characteristic 
feature of an accelerated universe, it does not mean that the Universe is inflating 
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and the space-time will evolve into the de-Sitter phase. Only if zi is big enough so 
that the zi-surface crosses the event horizon, then we can say that the Universe is 
inflating. We will discuss this in the next section. 

2.1. Holographic DE model 

Cohen, Kaplan and Nelson proposed that for any state with energy E in the Hilbert 
space, the co rresp onding Schwarzschild radius Rs ^ E is less than than the infrared 
(IR) cutoff lI^ST Therefore, the maximum entropy is S^^. Under this assumption, 

1 /4 

a relationship between the ultraviolet cutoff and the IR cutoff is derived, i.e., 
SttGL^ Px/i ^ L. Hsu found that the model based on the Hubble scale as the IR 
cutoff would not give an accelerating universe ^231. Li then showed that a plausible 
dark energy is possible by cho osing t he future event horizon as the IR cutoff 122]. So 
the holographic DE density is ESEH] 

where Reh{t) — d{t, oo) is the event horizon. The equation of state of the holographic 
DE is 

1 A 2x/n: 

Wx^ ~tAI 



3 V , 

Because of some physical constraints on d, we take d = 1 for simplicity 1^3^ Note that 
the weak energy condition is satisfied as long as >Q,x- By using the Friedmann 
equations, we get 



din a 

The solution to Eq. ^ is 



f],(l-r!,)(H-2V^^,). (8) 



lnf]^-iln(l- Vf^) + ln(l+ v^)-|ln(l + 2Vf^)=ln(— ) +yr, (9) 

6 6 \Cir J 

where Ur is determined from the above equation by using ^^r- From the definition 
of the holographic DE density ([7]) and the Friedmann equations, we get 

The transition time is determined from 



n^T + 2n^TV^--i. (11) 

So flxT — 0.432 and yx = —2.215. Substitute these values to Eq. set = ao and 
fix — QxT and use the best fitting value flxr = ^xo = 0.75, we get zt = 0.72. Since 

d{tT,ty) = Rehitx) — o,TReh{tv) / o,v, the Condition d{tT,ty) = l/H{tT) becomes 

a.(i - axy) _ (1 - ^/^w)^(l - axT) _ ^ ^^^^ 



I 



I 



February 4, 2008 4:15 WSPC/INSTRUCTION FILE fate 



Combining Eqs. ^ and (fT2l) . we get 
InO^.^-- ln(l- v/fl^)+ln(l + v/f^)- g ln(l+2v/fl^) 



1 

Combining Eqs. ^ and we get a^/ar 3.46 > 1 + zt = 1.72, so fly > flQ. 

The redshift Zc satisfies the equation 

(1 — \/IT^)^(l — i7a;c) _ 1 — ^xO ^^^^ 

Combining Eqs. dH) and IHl) with il^o = 0.75, we get Zc = 1.64 < 1.755. Therefore 
although we see our MAS today, we are unable to observe the onset of inflation 
for the holographic DE model because the cosmic acceleration has not lasted long 
enough. 



Pa ~ Pgr 



'Wgr + (1 + Wgr) (^^^ 



(15) 



2.2. GCG Model 

For the GCG model, we have pg = —A/p^. By using the energy conservation equa- 
tion, we get 

. a, X3(l+a)l 

a 

where the equation of state parameter Wg ~ Pg/ pg. Because pg ^ (aQ/a)^ when 
a <ti clq and pg ^ constant when a 3> aoi the GCG model can be thought as a 
unified model of DE and dark matter. Therefore we assume that there is no matter 
present for simplicity and require Wg > —I so that the weak energy condition is 
satisfied. As discussed in Ref. some reasonable physical constraints also require 
a > 0. The Friedmann equation is 



H-" = Hi 



'Wgr + (1 + Wgr) 



3(l+a)' 



l/(l+a) 



(16) 



At the transition time i^, we have WgT = —1/3. So the transition redshift satisfies 



l + ZT 



2w 



l/3(l+a) 



(17) 



1 + WgO , 

By using the best supernova fitting values Wgo = —0.83 and a = 1.20, we get 
ZT = 0.412. The condition d{tT,ty) = l/H{tT) gives 



(It / 0.V 



i + 2^3(l+a) 



'l/2(l+a) 



dx — I. 



(18) 



If we take a = 1.2, we get ay/ax = 5.50 and > uq. The condition d{tc,ta) 
1/H{tc) gives 



-Wg0 + {l+Wg0){l + zf<^^ + "'> 

1 + Zc 



-1/2(1+q) 



dz = 



+ (1 + ^/;,o)(l + ^c)3(i+"f /'^'^"^ ■ 



(19) 



I 



I 
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Fig. 2. The dependence of ay/ao and ay/a^ on Wgo and a for the GCG model. The hne labeled 
"Hubble Horizon" shows the dependence of ay /a„ on o by using the Hubble scale criterion. The 
line labeled "Event Horizon" shows the dependence of ax/ ay on a by using the event horizon 
criterion. 

By using the best supernova fitting values Wgo = —0.83 and a ~ 1.20, we get 
Zc = 1.424 < 1.755. Again the present observations of cosmic acceleration extend to 
a rcdshift ~ 1.424. Currently we are still unable to confirm the onset of inflation 
for the GCG model. For some other values of WgQ and a, the numerical solutions 
to Eqs. p?)) and ((18]) are shown in Fig. [2l From Fig. [2l we see that it is possible to 
confirm the onset of inflation for the GCG model only if a < which is outside the 
physical parameter space. 



3. The Event Horizon Criterion 

In general, the Hubble size increases with time. Therefore, it will take longer time 
to observe the onset of inflation if the transition happened at later time. In order 
to avoid this situation, Avclino, de Carvalho and Martins replaced the Hubble scale 
criterion discussed in the previous section by requiring that the comoving distance 
equals to the comoving event horizon at the time of reception. Of course, some 
additional assumptions on the content of the local universe and field dynamics are 
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needed. The event horizon criterion is 

dt r dt 

r 



ait) J,^ a{t)- 

By using the notation of the constant redshift surface in the above condition 
gives us the redshift zi when the zi-surface crosses the event horizon. To iUustrate 
the effect of this condition, we take the simple DE model with constant equation of 
state as an example. Applying the condition ([20|) to the onset of inflation, Eq. ([5]) 
is replaced by 



dx r^/"" dx 



laT/a^. ^x3(a;3"' - 1 - 3w) Jo y/x^ix^"' -l-3w)' 
and Eq. ^ is replaced by 

dz f° dz 



(21) 



v/f^™o(i + ^)3 + r!xo(i + 2)3(1+-) ^n^^o{i + zf + n^o{i + zfi^+-') 



.(22) 



For the ACDM model, the solution to Eq. ^ is a^/ar = 2.30 > 1 + zt = 1.67 
or r^Ai; = 0.86, and the solution to Eq. (|22p is Zc = 1.81 if we take fimo — 0.3. So 
we are unable to confirm the onset of inflation now with current observations. The 
numerical solutions to Eq. pT|) for other values of w are shown in Fig[TJ From Fig.[l] 
we see that we need to wait until ~ 0.9 for w < —0.85 to be able to observe the 
onset of inflation. The smaller w is, the sooner we observe the onset of inflation. It is 
possible that we observe the onset of inflation with S7ao — 0.7 if w < —1. However, 
the weak energy condition is violated if w < — 1 , and the criterions discussed in this 
paper do not apply. This situation needs to be investigated more carefully and are 
out of the scope of our discussion. 



3.1. Holographic DE model 

Applying the event horizon criterion (jSO]) to the holographic DE model discussed in 
the previous section, we replace Eq. ([12]) by 



and Eq. ^ by 



^ ^ ' = = 0.329, (23) 



1 1 ^xo (24) 



4(1 + Zc)flxc ^xO 

Combining Eqs. ^ and (^51) . we get ay/ax = 2.34 > I + zt = 1.72, so a„ > aq. 
Combining Eqs. ^ and (|24p with ilxo = 0.75, we get Zc = 1.84. Therefore we are 
unable to observe the onset of inflation now for the holographic DE model. 
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3.2. GCG Model 



Applying the event horizon criterion to the GCG model discussed in the pre- 
vious section, we replace Eq. by 



/ aT I flu 

and Eq. 



3 

M by 



-1/2(1+q) 



dx = 



+ f 2,3(l+a) 



^l/2(l+a) 



dx, (25) 



dz 



-Wgo + (1 + Wgo)(l + z)3(l+")]l/2(l+a) 



(26) 



If we take a 
a — 1.20, the solution to Eq. ([26|) is z, 



1 [-WgO + (1 + Wg0){l + Z)3(l + ")]1/2(1 + ") ■ 

1.2, we get av/ax = 2.08, so a.v > uq. By using Wgo — —0.83 and 

1.64. Because a„ > clq, currently we are 
unable to confirm the onset of inflation for the GCG model. For different values of 
a, the numerical solutions to Eq. ([25|) are shown in Fig. [2] From Fig. [2l we see that 
it is possible to conflrm the onset of inflation for the GCG model when a < 0.5 and 
Wgo ~ —0.95. The smaller a is, the smaller Wgo is required to observe the onset of 
inflation. 



4. Discussion 

For the Hubble size criterion, our results are: (1) Constant w > — 1 model. It is 
possible to observe the onset of inflation when fl^ ^ 0.9 and w > —0.67. (2) The 
holographic DE model with d = 1. We find that zt = 0.72 and Zc — 1.64 if we 
use the best supernova fitting result ^l^o — 0.75. We also get ay /ax — 3.46 and 
a., > ao. (3) The GCG model. We find that zt = 0.412 and z^ = 1.424 if we use 
the best supernova fitting results Wgo = —0.83 and a = 1.20. By using a — 1.20, we 
get ay/ax = 5.50 and ay > oq. It is possible to observe the onset of inflation when 
a < and Wg ~ —0.75. 

For the event horizon criterion, our results are: (1) Constant w > —1 model. 
It is possible to observe the onset of inflation when fl^ ~ 0.9 and w < —0.85. (2) 
The holographic DE model with d = 1. We find that Zc — 1.84 if we use the best 
supernova fitting result Q^o — 0.75. We also get ay/ax — 2.34 and > gq. (3) 
The GCG model. We find that Zc = 1.64 if we use the best supernova fitting results 
Wgo = —0.83 and a = 1.20. By using a = 1.20, we get Uy/ar = 2.08 and a„ > ag. 
It is possible to observe the onset of infiation when a < 0.5 and Wg ^ —0.95. 

In general, the event horizon criterion gives bigger value of Zc than the Hubble 
size criterion does. The reason is that today we may be able to observe a larger 
portion of the Universe than that we can ever access. The event horizon criterion is 
not applicable for very low values of the dark energy density. However, the later the 
cosmic acceleration started, the sooner we are able to observe the onset of infiation 
by using the event horizon criterion. 
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For all the three models discussed in this paper, we have Zc > 1 and a„ > aq. 
Therefore it is impossible to confirm the onset of inflation by current observations for 
all three models. However, this conclusion cannot be extended to phantom models 
because they violate the weak energy condition. Therefore, t he c onclusion cannot 
apply to the holographic DE model with phantom behavior However, it can 
be applied to the interacting holographic DE model discussed in Refs. [33] and [551 
because wtot > —1- The conclusion is neither applicable to the GCG model with 
Wg < —1 discussed in Ref.[37l When we parameterized DE equation of state, we find 
that the supernova data might not be able to distinguish those parameterizations 
that have almost the same past behaviors and different future behaviors ^^21 Por 
general dark energy model, it is impossible that cosmic acceleration started at a 
redshift > 1, so it is impossible to observe the onset of inflation up to a region 
of Hubble size. If the event horizon criterion is used, then it is possible to observe 
the onset of inflation and conflrm the inflation of our universe for some general 
dynamic dark energy models with low transition redshift. In this paper, we find 
that the acceleration has not lasted long enough for observations to conflrm that we 
are undergoing inflation. Therefore the future fate of the Universe is still unknown 
from current observations. We need to wait some time to be confident that we 
are undergoing inflation. On the other hand, if the cosmic acceleration never ends, 
less information about the early inflationary perturbations will be observed in the 
future. So we are living in a peculiar era in the history of the Universe. 

For the GCG model, the marginal allowed parameter spaces a < 0.5 and Wgo > 
—0.75 will make it possible to confirm that our universe is inflating by using the 
event horizon criterion. 
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